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In this paper, we analyse grade 6 students’ reagoiri some tasks, which involved
comparing two simple expressions The tasks allostedents to move from procedural to
structural understanding of simple expressions lysia of students’ responses revealed
various patterns of thinking and different wayscoinmunicating the reasons Students
were found to justify their responses using languagsymbols The students moved from
using predominantly language to using symbols prédantly, as the expressions became
more complex

Studies have pointed out students’ inability toldedh symbolic expressions in a
consistent manner Many students do not make sahtee structure of the expressions
and cannot use consistent rules to manipulate thecsessfully (Chaiklin & Lesgold,
1984; Kieran, 1989; Liebenberg, Linchevski, Sasma®livier, 1999) More recent
efforts to understand students’ ability to dealvaymbols and symbolic expressions have
shown that elementary school children are capalblenaking generalizations about
properties of numbers and operations, represeatidgustifying them (Carpenter & Levi,
2000; Carpenter & Franke, 2001)

The traditional classroom culture emphasises pruaeddhinking in the form of routine
algorithms without any focus on the meaning of thathematical objects or operations
This does not allow students to connect varioushemaatical procedures with the meaning
of symbols or operation signs The students whah disked the meaning of an expression
like 2+7 quickly respond by saying ‘answer is 9'amaly with some effort, they start
looking at it as a relation ‘two more than seven’arepresentation for the number 9
Looking at an expression as a relation shifts sitgleattention from procedural to
structural conception of an expression In thestuging reported here, we capitalised on
students’ intuitive understanding of symbols angregsions to take them away from
mechanical procedures and instead, focus theintaiteon the structure of expressions
They were encouraged to communicate their undetstgrabout these expressions using
their own words, and gradually move to symboliaespntations of their reasons

In this papet, we will discuss students’ justification of the#isponses in certain tasks,
which involved comparing simple arithmetic expressi This work is part of a larger
study where one of the main objectives is to dgve@csequence for teaching beginning
algebra, using students’ understanding of the &trea®f arithmetic expressions

Framework and Teaching Approach for the Study

Understanding mathematical objects (operationssynabols) and the properties and
relationships that hold between them form an essdepart of structural understanding
(Kieran, 1989; Warren, 2001; Williams & Cooper, 2D0This is important in order to
make the transition from arithmetic to algebra, wiadgebra is thought of as generalised
arithmetic This understanding has been called &yous names: relational thinking,
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structural thinking, and algebraic thinking (Step$,e2004) In this context, the concept of
‘term’ can be seen as a structural element of anession and the concept of ‘equality’ as
a structural relation between two expressions &ttad understanding of ‘=" has been
explored by various researchers (e g Kieran, 199#8) has been found to be a cause of
concern as many students tend to see it as a ldethng’ signal

In the teaching approach adopted in the studystih@ents were made to focus on the
structural aspects of the expressions They #atrit to see an arithmetic expression as a
relation, that is, see 9 — 3 as a number whicl8 ike$s than 9’ and that it stands for the
number 6 Further, students understand ‘=" as atiogl between two expressions which
have the same value They were asked to work oplsiexercises of filling the box with
<, =, > in questions of the type 12 +/517 — 3 or to fill in the blank by a number so that
the sentence is true, like 21 + 8 = — 4 Infthlewing tasks, the students were asked
to work on similar exercises where the relatiowlgein the pairs of expressions is apparent
(e g 24 + 47 and 25 + 48) and hence, the taskbeatompleted just by looking at the
expressions without recourse to calculations Stisdéntuitive understanding of symbols
and operation signs and their expectations reggtiie outcome of these operations play
an important role in completing the tasks Sucecgssfmpletion of the task required them
to correctly parse the expression and explore alshtify the relationships between
symbols and operation signs

Asking students to give reasons to justify thegp@nses in such tasks formed another
important aspect of the approach It compelled therook for relationships among the
mathematical objects and to make their understgndiplicit by communicating their
reasons to their peers or the instructor usingeeilinguage or symbols These activities
gave them a new way of looking at arithmetic exgic@ss and provided opportunities to
share their understanding with others The disoassprovided them with immediate
feedback and made it possible for them to seerdiiteways of justifying their responses
It also brought forward some of their implicit umskanding of general rules of operations
as well as their capacity to use some symbols tonzenicate and make sense of their
arguments

Methodology

The main study, of which this is a part, is a desgxperiment study and is being
conducted on 6 grade students (11 to 12 year olds) Four cycdl@bestudy have been
completed and conducted between summer 2003 andnau2004, during the vacation
periods of the students The students in the staige from low and mixed socio-
economic strata from nearby English and vernacukdium schools (Marathi)

Cycle 1 was an exploratory phase and will not Ipered in this paper The students in
Cycle 2 and Cycle 4 were in the middle of graden@ had a brief exposure to integers
Many of the students in Cycle 4 were also part g€l€ 3 There was a 6 month gap
between each cycle We analyse the responses &f32&nd 28 English medium students
and 34, 39 and 42 Marathi medium students fromesy®, 3 and 4 respectively in the
relevant tasks During these four cycles data vedleated on these tasks by giving them
tests at the beginning and at the end of the course

The tasks discussed during the course were of thneis: (I) to compare two simple
expressions (2 termed expressions with a + or @r-ia between) without calculation
using <, =, > in the box (For example, 23 +148 + 47) (Il) to fill in the blank by a term
so that the expressions on both sides of the gl sire equal (For example, 36 — 19 =
35 — 20) (ll) to find the value of an expressianenm the value of a related expression,
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without calculation (For example, if 237 + 498 =573hen 238 + 499 = ?) Task (I) was
intensely discussed (2 sessions of 45 minutes eadbycle 2 with instruction on how to
communicate the reasons clearly but in the latetesythe time spent on this task was
reduced to a large extent (1 session of 30-45 m#)uthe purpose being mainly to expose
the students to the task and observe the kindspioreses they came up with In Cycle 4,
the students were explicitly told to use symbolsdmmunicate their reasons, rather than
writing in their own language Task (ll) was dissed explicitly in Cycle 2 but not in the
later cycles Task (lll) was discussed in cycleend 4 briefly (1 session of nearly half an
hour) and not in Cycle 2

Analysis of Data

Responses of the students in the following tasksbsi discussed: (I) comparing two
expressions without calculation (11) filling thedolk with a term so that the expressions on
both sides of the ‘=" sign are equal (lll) to fitlte value of an expression given the value
of a related expression The pairs of expressiged tn all the tasks were of the following
types: (a) expressions with one term constant (84g+ 58, 36 + 58), (b) expressions
involving terms compensating each other complefelyg 53 + 38, 54 + 37) and (c)
expressions with partially compensating terms (&3 + 38, 55 + 37) Similar types of
expressions were posed with negative terms as Wwajure 1 shows some examples of
items in each kind of task Reasons, which arevasle correct and are not based on
calculation are counted as correct reasons

Tasks
Task |: Comparing Task |1: Filling Task I11: Finding
expressior the blank the value of an
expression
| {Item 1: Type (a) |_{Item 4: Type (b)
e.g. 35 + 28, 35 + 2 .. 43 — 25, 44 — 24 ) : i
IArithmetic expression:
If 238 + 18 4 = 422,
| {Item 2: Type (b) |_|ltem 5: Type (c)| [Example 1: then 236 + 184 = ]
e.g. 35 + 28, 36 + 2T e.g. 43+ 25,42+ 2] [23+48=25+48 ___
Eg‘?’{‘gp'ez; 38+ | |Algebraic expression:
| llitem 3: Type (a) |_|Item 6: Type (c) - If y + 32= 53, theny + 33 = [7—
e.g. 35— 19, 35 - 14 e.g. 54 — 38, 56 — 3¢

Figure 1 Examples of items in the tasks

Task (I): Comparing Two Expressions

The overall performance of students across alcgfodes in items 1 and 2 is very high
The number of students writing the reasons inhaldycles is nearly same, in spite of less
instruction and discussions in the cycles 3 andMére students from Marathi medium
gave reasons for their answers Table 1 below shbegerformance of students in the
‘comparing expressions’ task in the post-test ef ¢licles 2 and 3 and the pre test of the
cycle 4 The students in the pre test of Cycledidtéended the earlier course and therefore
were aware of the requirements of the task
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Table 1
Percentage of Correct Answers (A) and Correct Ress@®) of English and Marathi
Medium Students in Comparing the Expressions Task

Iltem 1 Iltem 2 Iltem 3 Iltem 4

A R A R A R A R
Cycle 2 (Post)| 96 64 96 60 84 48 80 36
English | Cycle 3 (Post)| 83 62 87 53 79 40 57 15
Cycle 4 (Pre) | 96 75 86 57 68 46 54 18
Cycle 2 (Post)| 100 77 88 53 85 50 74 27
Marathi | Cycle 3 (Post)| 100 90 100 77 69 44 63 41
Cycle 4 (Pre) | 95 86 88 86 62 45 60 38

Although the items 1 and 3 (type (a)) and 2 antyde( (b)) are of the same type, there
is difference in students’ performance both in gvthe correct response and in writing
reasons Students’ performance is better in theesgmpns with positive terms (items 1 and
2) than with negative terms (items 3 and 4) Tietsdents had less facility in dealing with
signed negative numbers as they are introducedtégers only in the middle of grade 6
The students in Cycle 3 were briefly exposed tegets in our course

Reasoningltems of type (b) (items 2 and 4) are more compten items of type (a)
(tems 1 and 3), as in the former task, increasedmtrease in both terms have to be taken
into account to compare expressions This is @fleated in the decreased percentage of
students writing reasons for these items 66%urfesits easily justified their responses for
the first item (type (a)) by comparing the changgman For example, while comparing 37
+ 58 and 36 + 58, the students s&§ is same on both sides and 37 is more thadn 36
concluding 37 + 58 > 36 + 58 Similarly in the thitem, which is also of type (a), the
most frequent strategy for all the students (2684ustify their answer was to use the ‘take
away’ model of subtraction Some students wrotdevbomparing 64 — 37 and 64 — 36
that ‘in the right hand expression we are subtractingreler number than 37, so left side
is smaller than right side Some students directly stated a general rulé ‘gwbtracting
more gives you less answe21% of the students compared the changed nun8end
36 as in item 1, and concluded that 64 — 37 is rtiwaa 64 — 36 These students ignored
the negative sign before 36 and 37 and failed taipate the result of the subtraction
operation However, in Cycle 2, 44% of the studewotsectly compared the terms —37 and
—36 to justify their answer This could be a resilthe discussions during the course as
well as their exposure to integers in the schaokhk later cycles, very few students were
found to use this strategy This is in spite of thet that these students were also briefly
introduced to the idea of integers during the ceurst no discussion on using order
relations in integers as a strategy to compareesspyns of the above type was initiated by
the instructor

Students were more successful in writing correasoes for the type (b) item with
positive terms While comparing 54 + 67 and 52 +B®yanka wrote54 is 2 more than
52 and 69 is 2 more than 6742% of the students used similar strategy taifyusheir
responses These students compare the terms ahdhfh one term on each side has
increased or decreased by the same amount Theypenagymparing both the expressions
to a base expression, like 52 + 67 in the examptyve and adding 2 once to 52 and
another time to 67 The base expression couldmst + 69, where students’ write2'is
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2 less than 54 and 67 is 2 less than @9iother way (13%) to justify their answer was to
add and subtract the same number to an expressigettthe other expression, which is
being compared For example, while comparing trevalproblem, Tanmay wrota the
left side take 2 from 54 and add it to 67, do thme in the right side, 2 — 2 = OThis
student seems to complement his ‘adding and suinigaihe same number’ strategy with
‘finding the difference between the terms’ He alsates symbolic statement to clarify
that the difference of the difference between tdrens is zero A few students used only
the strategy of ‘finding the difference between taens’ Changing both the expressions
to a third related expression was also a way used bery few students to justify the
answer For example, Pavan for the same item, vetdigracting 1 from 69 and adding it
to 67 makes the same term [68], then subtractifigh 54 and adding it to 52 [making it
53], now both the terms are same [53 + 68]

The number of reasons given by students was comiayaless in all the cycles in
item 4 Although this item is of the same type &Yp)) as above, the students were seen to
change their strategy to justify their answer Maofythe students (17%) compared
numbers leading to wrong answers Among the cowaes, the strategy used by most
students was ‘adding and subtracting the same nutob&n expression to get the other
expression’ 12% of English medium and 22% of Maratedium justified their answers
by using this strategy While comparing 85 — 38889 a few students wrot86 is one
more and we are taking away one more [39 is oneentlmain 38], so they are equdlhis
can be thought of as an extension of ‘take awaydehaised by the students in item 3

Some items in the Cycle 4 were more complex Inhalprevious cycles there were no
items of partially compensating expressions (iypet(c)) Three of the items involved
negative terms, with one each of the types (a)atlw) (c) Two other items consisted of
only positive terms and were of type (b) and (dhe Performance of both the groups in
judging the correct sign for the box varied betw&®36 and 90%, depending on the
complexity of the item The students did very welithe items with positive terms only
(80% to 85%) and many could successfully give ressasing symbols for these
Interestingly, in this case, more students gaverecbr reasons for the partially
compensating expression (type (c)) than the comlglebompensating expression (type (b))
60% to 70% of the students could correctly identlig sign for the box in the items
involving negative terms Nearly half of the Englimedium students substantiated their
responses by giving reasons 38% Marathi mediudtests at least once wrote the wrong
sign for a correct reason The increased complefitthe items, to some extent, forced
them to write reasons before identifying the sig®,it was no longer easy to base their
answers solely on intuition It also seems that #hdity to represent their reasons
symbolically helped them to communicate their ustierding about comparing such
expressions Students had found it quite diffidcoltcommunicate their reasons about
expressions with negative terms of even type (lahe pre test of Cycle 4

In cycle 4, the reasons given by students werg f§imbolic in nature, as per the
instruction Following (Figure 2) are a few exangpté reasons given by students for items
of type (b) and (c)
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63 + 57< 65 + 54

52 — 37=-53-38| [52 —37=53-39 [74—26<75-29 | [7T4—26<75-29 |2+1 +2-1

+1— 1 -1+ 1 +1+3 | F1+3 -1 =+1
Priyank Prathmegh Prajakt Sura| Saurab)

Figure 2 Examples of students’ symbolic reasoning

There are some differences in the manner the sysvdyel used in writing the reasons
Priyanka tries to convey with her symbols that ¢ 53 from 52 we have to add 1 and to
get —38 from —37 we need to subtract 1 leadinhéoexpression +1 — 1 and hence the
conclusion ‘=" On the other hand, the second stuéeathmesh, compares the terms and
finds 52 to be 1 less than 53 and —37 is 1 mone #38 and therefore the expression —1+1
again leading to the same conclusion The lasestuSaurabh also compares the terms of
the two expressions successfully and finds thesfice between those to conclude one
side to be smaller than the other side Thesenostaof symbol use are not spontaneous
and are influenced by the manner in which the uastr had used them during the short
classroom discussions, but the fact that some eimthvere able to use symbols and
interpret its meaning is an achievement for therat &l such efforts were successful as
can be seen in the reasons of the third and thehfatudent Prajakta compares the
numbers and incorrectly finds the difference as+38 = +4 whereas Suraj wrote the
correct reason but could not interpret the diffeeercorrectly In 7% of the instances,
students could identify the difference betweenténms correctly but failed to interpret the
result especially in the partially compensatingise(type(c))

Task (Il): Filling the Blank with a Term to Make ®Wxpressions Equal

This task directly tested students’ understandintp® concept of ‘equality’ Students’
performance in this question was not as good as pileeformance in the task (I) Cycle 2
had three items, one of type (a) and 2 of typeTleg performance of students varied as the
items became more complex The students succe8@étl ¢f English medium and 52%
Marathi medium) to fill the blank, to some extemhen the expressions were of type (a),
that is, when only one of the terms was changinljing the blank was more difficult in
expressions, where both the terms changed by uhaquaunts (type (c)) For the item
with positive terms 60% of English and 30% of Maranhedium students could fill the
blank, but for the item with negative term only amd 35% of the students succeeded
Only half of those who wrote correct answers caile reasons for their answers As the
blank was only on the left side of the ‘=" signetl were no responses which could be
interpreted as ‘writing the answer of the sum’ thére were responses which did indicate
that ‘=" was being used as a symbol for associaftam example, in 35 + 26 +=1 35+ 25,
the response +1 shows that 26 is 1 more than 2&eltype (c) item, 36 — 17 =38 — 18,
there were two kinds of responses, +3 and —3 €kponse +3 shows comparison of
numbers without taking care of the sign, whereasrédsponse —3 shows comparison of
numbers together with the association error

In the later cycles, only around 50% of the Enghsbdium students and around 70%
of the Marathi medium students could successfubiylete this task In this case, there
was only one item with the blank to the right ofsign (e g 35+29=35+27+ _ ) The
most common errors (~10% in each) have been tottred=" sign as a signal to write the
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sum of the numbers (+64 or +62 or +126) or to tss an indicator of association (writing
—2 in the blank)

Task (Il): Finding theVvalue of an Expression Givhe Value of a Related
Expression

This task was included in cycles 3 and 4 to giwe students motivation to compare
expressions and also to probe whether the studedirstand that the difference between
the terms of the two expressions is reflected endhange of the value of the expression
The items in the post-test of Cycle 3 and the pst of Cycle 4 were of type (a) One
involved an arithmetic expression and another vewlan algebraic expression Table 2
shows the performance of students in these twe teshe two kinds of items

Table 2
Percentage of Students giving Correct Answer (Al) @orrect Reason (R) in Finding the
Value of an Expression given the Value of a RelBtgaession

Arithmetic Algebraic
A R A R
English | Cycle 3 (Post)| 55 32 45 19
Cycle 4 (Pre) 75 46 54 32
Marathi | Cycle 3(Post) | 67 64 69 56
Cycle 4 (pre) 74 62 79 55

Fewer English medium students wrote reasons far #mswers compared to Marathi
medium students The reasons given by students manely by comparing terms For
example, to find the value of 324 + 598, given ttadue of 326 + 598 = 924, many
students wrote324 is 2 less than 326, therefore 924 — 2 = 92P0 find the valug + 34,
given the value oy + 35 = 72, some students wroteéyou add 35 to y you get 72, then if
you add 34 to y you will get 7ahd some others wrotg + 34 + 1 = 72 therefore y+ 34 =
71

In Cycle 4, there were four items in this task inutg a negative term Nearly all the
students who gave correct response also gave toeason 60% to 70% of the students
could find the correct values and 50% to 60% ofdtuelents could write reasons for their
answer But in 6% of the instances, students caotdfind the correct value in spite of
finding the correct reason The reasons given bgestts are similar to the ones given by
them for Task (1), by finding the difference betwehe terms

Discussion

Although tasks | and 1l forced students to lookle relation between the expressions,
some students regressed to viewing the ‘=" as aainething’ operator Type (a) and type
(b) problems with positive terms were simple argl thsponses of students to the items of
this type were spontaneous Items of type (b) wébative terms and type (c) items were
more complex and influence of instruction and déstons could be seen in their responses

The reasons given by students for justifying tla@swers varied as the items became
complex 21% of English medium and 4% of Marathdiae students were in the level of
finding answers by calculations in Task-br the items of type (a) students gave reasons
using language either by comparing terms or bygu&dding up’ or ‘take away’ models
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As the items became more complex, like type (bjnescstudents started writing the
difference between the terms as a symbolic expmedsgether with verbal explanation A
few students were spontaneous in using symbolsewddme others learnt it from their
peers or instructor These students used plust@iganote an increase in a term and minus
sign to denote decrease in the term For examplepmparing 36 + 52 and 35 + 53, they
wrote -1+1, concluding that the expressions areesdinis brings forth students’ implicit
understanding that in a pair of expressions if tfiens in one expression increase or
decrease by the same amount relative to the seeqméssion, then the expressions are
equal For the task of the type(c), more studénesl to use symbols for justification,
either spontaneously or when asked This might éealse purely intuitive or verbal
justifications were now difficult to process memal Asking students to write the reasons
symbolically might make it mechanical Students mhifind the difference between the
terms but may not be able to interpret it correctly

Some students are seen consistent in writing redeorthe same type of items For the
items 1 and 3 (type (a)) of Task I, 18% of Englshdium and 26% of Marathi medium
students used same type of strategy while reasodilsg in items 2 and 3 (type (b)) of
Task I, 23% of English medium students and 36% afdthi medium students used the
same strategy This indicates that these studesrts able to identify the same structure of
these items and applied a consistent rule But dbiss not mean that using different
strategies for the same type of items shows unawgassabout the structure It might be the
students’ need for consistency that he/she usesatne strategy for the same type of items

1 Part of this paper was presented in the foria pbster in epi-STEME1 conference held in Goa dutia-
17, December 2004
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